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Abstract. This paper investigates the direction of change in a model of agents

exchanging goods and capital. Agents have heterogeneous utility functions and are

not perfectly rational but can refuse exchanges that decrease their own utility. In this

model, an exchange is shown to always increase a quantity defined by the amount of

production and the time preference of the agents.
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1. Introduction

Predicting the behavior of agents is one of the most important tasks in social sciences

and sociophysics. Economics has succeeded in making quantitative predictions by

assuming optimal behaviors of perfectly rational agents, which can maximize the

expected outcomes [1, 2]. However, experiments have suggested that humans are not

perfectly rational in many situations [3]. Humans are instead boundedly rational [4].

To describe human behavior more realistically, a formulation of boundedly rational

agents assumes that agents cannot necessarily choose the action that maximizes the

expected outcome but can choose actions that lead to an outcome exceeding a predefined

threshold [4]. Making these assumptions might preclude quantitative predictions, but

they should allow qualitative predictions, such as those of the direction of social and

economic change. A direction of change can be predicted in various cases. For instance,

if economic change is unidirectional (i.e., irreversible), the direction is predictable. In

this case, the direction may be predicted by a measurable quantity, such as entropy

in thermodynamics. This is because, if the quantity increases for any possible social

and economic change, any change that decreases the quantity should not to happen.

Whether or not economic change is irreversible, the quantity measuring irreversibility
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exists, and human behavior is irreversible should be useful in social modeling. These

issues have not been investigated intensively [5, 6].

In this paper, I demonstrate the irreversibility of change using a model of

heterogeneous boundedly rational agents whose utility is a function of the consumption

of goods in each period. The changes taking place in the model are the exchange

of goods and capital among agents, which has been studied intensively in sociophysics

[7, 8, 9, 10]. I show that a quantity defined by the amount of production never decreases.

I also discuss the potential extensions of the model.

2. Results

Denote the set of agents by A = {1, . . . , A}. At the beginning of each period, agents

produce goods, such as foods. We assume that goods cannot be saved, and consequently,

goods produced in a period must be consumed during the same period. We also assume

that there is capital, such as land, which cannot be directly consumed but can be used

to produce goods. Although we need no assumption on the functional dependency of

the production of goods with respect to capital (i.e., a production function) to support

the main result, it is convenient for us to assume that the production of goods is an

increasing function of capital. Agents can exchange goods for capital with others. The

total amount of capital remains constant. The increase and decrease of capital owned

by an agent affect the agent’s production of goods over the subsequent periods. Thus,

the agents can increase goods production during subsequent periods by decreasing the

goods in the present period and vice versa.

For simplicity, we concentrate on a case in which agents exchange goods and

capital only once. Specifically, at the beginning of period 1, agents produce goods

by using capital. Then, agents exchange goods and capital and consume goods. During

subsequent periods, each agent consumes only the goods that are self-produced. Thus,

the amount of goods produced by agent a in period 1, ya, can be different from the

amount of goods consumed by it in period 1, ca, whereas the amount of goods produced

by agent a in each of the subsequent periods, Ya, is equal to the amount of goods

consumed by it, Ca. We assume that the exchange conserves the total amount of goods:
∑

a∈A

ya =
∑

a∈A

ca. (1)

As a result of the exchange of capital used for production, Ya can be greater or less than

ya, and that
∑

a∈A ya =
∑

a∈A Ya does not necessarily hold.

Let us assume that the utility of an agent is a function of the amount of goods

it consumes. As is typical in the literature of economics and sociophysics [11, 9], we

assume that an agent’s utility is an increasing concave function of the consumption

of the goods. This is a natural assumption, because increasing the amount of goods

improves our lives, but the degree of improvement is diminished if we already have a

large amount of goods. In this case, the utility of agent a is given by

ua(ca) + βaua(Ca), (2)
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where ua(·) is a strictly increasing concave function, and βa > 0 is the parameter that

determines the relative preference of future consumption over present consumption.

This can be regarded as an additive, separable, intertemporal utility function,
∑

∞

t=1
γt−1

a ua(ca,t) [11], where

ca,t =

{

ca if t = 1

Ca if t > 1
(3)

is agent a’s consumption in period t and γa = βa/(1 + βa).

If agent a does not engage in the exchange of goods and capital, its utility is

ua(c̃a) + βaua(c̃a) = (1 + βa)ua(c̃a), (4)

where c̃a = ya is the consumption and production in the periods before the exchange

takes place, because it consumes exactly the same amount of goods as that produced by

itself. Here, we assume that, without exchange, the amount of produced goods is kept

constant because the amount of capital owned by the agent is constant. Let us assume

that agents can refuse an exchange decreasing their own utility. Then,

(1 + βa)ũa ≤ ua + βaUa (5)

holds, where we abbreviate ua(c̃a), ua(ca), and ua(Ca) to ũa, ua, and Ua, respectively.

In other words, the predefined threshold that a boundedly rational agent in this model

wants to exceed is the utility that the agent would achieve if it did not engage in the

exchange.

Now, I show the inequality
∑

a∈A

βaya ≤
∑

a∈A

βaYa. (6)

Remarkably, this result holds for agents with any strictly increasing concave utility

functions and any production functions.

From Eq. (5), agent a′ with ua′ = ũa′ , ua′ = Ua′ , or, ũa′ = Ua′ satisfies ya′ ≤ Ya′ ,

and, consequently, A = {a′} satisfies Eq. (6). Hence, it is sufficient for us to support

Eq. (6) in excluding agents that satisfy one of these conditions from A and replacing

Eq. (1) with
∑

a∈A

c̃a ≥
∑

a∈A

ca (7)

because c̃a′ ≤ ca′ holds for each excluded agent, a′. Thus, for a ∈ A, ũa, ua, and Ua are

distinct values, and c̃a, ca, and Ca are distinct values.

Because ua(·) is a strictly increasing concave function, we note that

ũa − Ua

c̃a − Ca

> 0, (8)

ua − ũa

ca − c̃a
> 0, (9)

Ua − ua

Ca − ca
> 0, (10)
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ua − ũa

ca − c̃a
≥

ũa − Ua

c̃a − Ca

if ca < Ca

ua − ũa

ca − c̃a
≤

ũa − Ua

c̃a − Ca

if ca > Ca

. (11)

We define

d1a =
1

ũa − Ua

, (12)

d2a =
1

ua − ũa

, (13)

d3a =
1

Ua − ua

, (14)

z1a = c̃a − Ca, (15)

z2a = ca − c̃a. (16)

In addition, we define 2A× (4A+1)-dimensional matrix M and 2A-dimensional vectors

b and ζ as

M =

(

0 −D1 O D3 −D1D3

1 O −D2 D3 D2D3

)

, (17)

b = [β1, . . . , βA, 0, . . . , 0], (18)

ζ = [z11, . . . , z1A, z21, . . . , z2A]. (19)

Here, 0 and 1 denote the A-dimensional vectors whose elements are all 0 and 1,

respectively, O denotes the A× A null matrix, and

Di =











di1 0 · · · 0

0 di2 · · · 0
...

...
. . .

...

0 0 · · · diA











. (20)

Equations (7)–(11) lead to

MTζ ≤ 0. (21)

As we show in the following, there is a 4A + 1-dimensional nonnegative vector, χ,

satisfyingMχ = b. It follows from Farkas’ lemma that there is no ζ satisfyingMTζ ≤ 0

and bTζ > 0. Hence, we have bTζ ≤ 0, which is identical to Eq. (6).

The task is now to find

χ = [x0, x1, x2, x3, x4] (22)

satisfying Mχ = b, x0 ≥ 0, and xi ≥ 0 (1 ≤ i ≤ 4). Because
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d3a
d1a

x3a − d3ax4a −
βa

d1a
= x1a, (23)

1

d2a
x0 +

d3a
d2a

x3a + d3ax4a = x2a (24)

hold for 1 ≤ a ≤ A, the inequalities x1a ≥ 0 and x2a ≥ 0 are satisfied by

x0 = 1, (25)

x3a = 0, (26)

x4a =

{

−β/(d3ad1a) if d1a > 0 or (d1a < 0 and d2a < 0)

0 if d1a < 0 and d2a > 0
. (27)

Note that d1a > 0 implies d2a > 0 and d3a < 0 and that d1a < 0 and d2a < 0 imply

d3a > 0 because

−
1

d2a
+ βa

1

d1a
≤ 0, (28)

which follows from Eq. (5), and

1

d1a
+

1

d2a
+

1

d3a
= 0, (29)

which is a direct result of Eqs. (12)–(14). This completes the proof.

Let us state a few consequences of this result. First, most change is irreversible

because

S =
∑

a∈A

βaya (30)

increases with an exchange, unless the equality holds in Eq. (6). Although the amount

of production of agent a, ya, can increase and decrease, S, calculated from the amount

of production of all agents, never decreases. Second, selling capital to agents increases

S. To support this, let us consider another agent, α, whose production of the goods is

an increasing function of capital i. Let us assume that boundedly rational agent α sells

capital i to agents in A and buys the goods. Because the goods produced by agent α

decrease, S must increase in order for

S ′ = βαyα + S (31)

to increase.
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3. Conclusion

In this paper, I have shown that change is irreversible if agents can avoid decreasing

their utility. The model does not assume perfectly rational agents, perfect information,

agent budget constraints, a competitive market, or Pareto-efficient allocations [1].

Additionally, we do not need any assumption on the dependency of the production

of goods on capital. The main result was derived without using the assumption that

the production functions were increasing functions. It is noteworthy that these weak

assumptions are sufficient to derive the irreversibility of change. Although we assumed

that the exchange takes place only once, the present model can be applied to multiple

exchanges in multiple periods if we assume that agents do not know what happens in the

subsequent periods and that they expect no exchange during the subsequent periods.

The present model can be a widely applicable toy model of goods-exchanging agents,

including perfectly rational agents.

In this model, irreversibility originates from the loss-avoiding behavior of agents

[12, 6]. Although irreversibility has not been emphasized in economics [5], it plays

a vital role in physics, particularly in thermodynamics [13, 14]. This model suggests

that there may be a novel correspondence between physical and economic systems.

The present results suggest that S may be a quantity corresponding to entropy. This

correspondence might enable us to formulate economic and social models from the

viewpoint of irreversibility.

Extending the present model could provide great insight into social and economic

dynamics. For example, a study could investigate whether agents trading goods whose

amounts are represented by two or more scalar values exhibit irreversibility. Although

the present study showed that any changes decreasing S are impossible, whether all

changes increasing S are possible or not remains unanswered. For thermodynamic

entropy S, the answer is yes. Assuming that agents are at the competitive equilibrium

[1] would allow us to define an adiabatic process and to answer this question.
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